For the case of uniform mean flow in an arbitrary direction, Perfectly Matched Layer (PML) absorbing boundary conditions are presented for both the linearized and nonlinear Euler equations. Perfectly matched side layers and stable corner layers are proposed. Stability issues are investigated by examining the dispersion relations of linear waves. For increased efficiency, a pseudo mean flow is included in the derivation of the PML equations for the nonlinear case. Numerical examples are given to support the validity of the proposed equations. Specifically, the linear PML formulation is tested for the case of entropy and vorticity waves traveling with oblique mean flow. The nonlinear formulation is tested with an isentropic vortex moving diagonally with constant velocity.
Therefore, the mean velocity will not be necessarily aligned with transformed coordinates, even if it is aligned with the original Cartesian coordinates.
As we will see in this paper, the difficulty in developing PML for a mean flow that is oblique to the boundary lies in the fact that, in addition to the acoustic waves, the vorticity and entropy waves also become inconsistent in the phase and group velocities. Recent studies on the PML for fluid dynamics equations have shown that it is important to apply a proper space-time transformation to the governing equations so that the phase and group velocities are consistent for all waves before the PML technique can be applied. It seems however there is no proper space-time transformation available to correct both type of waves simultaneously before the application of the PML technique. In the current approach, we will develop PML for the side and corner layers separately. Linear stability analysis will be performed to ensure the dynamic stability of the proposed equations.
The next section examines first the dispersion relations of linear waves. Following, the PML equations for the linearized and nonlinear Euler equations are given. Finally, numerical results are given to show the effectiveness of the proposed equations. Figure 1 shows a schematic diagram of a truncated computational domain. Absorbing boundary conditions are needed at the x-and y-layers and the corner layers. Recently, a new PML formulation was given in [13] for the linearized Euler equations based on Smith-factorizations. This approach, however, does not seem to be easily extendable to nonlinear Euler and Navier-Stokes equations. In [1] , a situation without top and bottom y-layers was considered. It was suggested that for the x-layers alone, the PML derived for M y = 0 can still be used when the time derivative was replaced with a material derivative based on the nonzero transverse velocity M y . Such a treatment, however, will not be complete if a top or bottom y-layer is present, giving rise to corner layers. Indeed, although the part of the mean flow transverse to the layer interface can be easily eliminated by using a moving frame along the same direction, the difficulty as we will show next is that no such treatment is possible for the corner layers. To illustrate the main difficulties in constructing a PML for a mean flow of arbitrary direction, consider the two-dimensional linearized Euler equation with a mean flow of Mach number (M x , M y ),
II. Dispersion relations of linear waves
where ρ is the density, u and v are velocity components, and p is the pressure.
The dispersion relations of all linear waves for (3) are well-known, i.e.,
for the acoustic waves and
for the vorticity and entropy waves. They are illustrated in Figure 2 . As shown in Figure 2 , with nonzero transverse velocity component M y , both types of dispersion relations support waves with inconsistent signs for the phase and group velocities, where the group velocity is positive while the phase velocity is negative. It has been recognized in recent studies that the PML technique will lead to numerical instability if the inconsistency in the phase and group velocities was not removed by a proper space-time transformation or other means, before applying the PML complex change of variable in the derivation process. With both types of waves having inconsistent phase and group velocities, a single linear space-time transformation, as employed in recent PML studies [2] - [10] , will not be sufficient.
III. Absorbing boundary condition for the linearized Euler equations
We will first consider the x-and y-layers separately, and then form stable equations for the corner layer. To construct vertical x-layers, we introduce a moving frame so that the mean flow is stationary in the vertical direction, similar to the approach used in [1] . Let
which gives
Then, the Euler equations in x,ȳ, and t become
where
Therefore, the stable PML for (10) will be the same as that of no vertical mean flow component, as given in [9] , namely,
Because the moving-frame transformation (7) does not affect the location of the Euler/PML interface, which is vertical, the above gives a valid x-layer. After rewriting the above in the original physical coordinates x, y, and t, we get the following stable PML x-layer:
Equations (15)- (16) should be equivalent to the PML given in [1] . Similarly, we get the stable PML y-layer:
Note that A 0 and B 0 are the reduced matrices of A and B without the mean flow. The parameters β x and β y are necessary for the stability of the layer [9] . The absorption coefficients σ x and σ y are positive functions of x and y, respectively.
The remaining issue is the construction of equations for the corner layers where both σ x and σ y are nonzero. A study for a corner layer based on a combination of the two layer equations (15)-(18) leads to the following corner equations:
Equation (20) results from a simple combination of (15) and (17). One feature of (20)- (22) is that they automatically reduce to the x-and y-layer equations (15)- (18), when σ y and σ x are zero, respectively. For stability, modifications have been made to the equations for q 1 and q 2 , with the addition of σ x q 1 and σ y q 2 terms to the left hand sides of (21) and (22), respectively. As we will see next, the corner equations as given by (20)- (22) are stable for all subsonic Mach numbers (M x , M y ). By substituting
into (20)- (22) and assuming σ x and σ y to be constants, an eigenvalue problem is formed for ω with given values of k x and k y . Existence of any eigenvalue ω with a positive imaginary part will indicate instability. On the other hand, the system is dynamically stable if all eigenvalues have a nonpositive imaginary part.
In Figures 3 and 4 , the results of the stability analysis for (20)- (22) are shown. We plot in Figure 3 the contours of maximum ω i , the imaginary part of ω, for 0 ≤ M x ≤ 0.95, 0 ≤ M y ≤ 0.95, |k x | ≤ 5, |k y | ≤ 5, with fixed values σ x = σ y = 2. In Figure 4 , we show the contours of maximum ω i for fixed Mach numbers M x = M y = 0.5 and 0 ≤ σ x ≤ 5, 0 ≤ σ y ≤ 5, |k x | ≤ 5, |k y | ≤ 5. We see that the imaginary part of ω for all eigenvalues is negative for the range of absorption coefficients considered. This indicates that the proposed corner equations are stable.
IV. Absorbing boundary condition for the nonlinear Euler equations
We will use a similar approach in formulating a PML equation for the nonlinear Euler equations, considering x-and y-layers individually, then constructing stable corner layers. For easy implementation, the Euler equations are kept in conservation form:
and
where ρ is the density, u and v are components of velocity, p is the pressure, and e is the energy. Assume a background flow is moving with constant velocity (U 0 , V 0 ). We begin by partitioning the solution inside the PML domain into two parts as follows:
whereū p is the time-independent pseudo mean flow which satisfies the steady Euler equation
For the present case,
The equation for u then becomes
where the shorthand notations
We will derive the equations that absorb u . To construct the x-layer equations, we now introduce a moving-frame change of variablē
With the moving-frame, the vertical flow is stationary, so the PML equations are the same as those given in [12] , which become
Changing back to the original time and space coordinates, we arrive at the x-layer equations:
A similar derivation leads to the y-layer equations:
Corner layers are again constructed based on a combination of equations (35)-(38). We want the corner layer equations to reduce automatically to the x-and y-layer equations when σ y and σ x are zero, respectively, and to be dynamically stable. These considerations lead to the following corner equations:
A linear stability analysis has again been performed for (40)-(42). No instability mode is found, as is shown in Figures 5 and 6 . 
where (x 1 , y 1 ) = (25, 0), (x 2 , y 2 ) = √ 2 2 (25, 25), and (x 3 , y 3 ) = (0, 25) are the initial locations of three vorticity and entropy pulses. The vorticity and entropy waves advect with the mean flow. As time progresses, two sets of the vorticity and entropy waves exit the top and right computational domain, while the third set exits at the upper right corner.
The absorption coefficient σ x varies with space as
where x 0 is the location of the Euler/PML interface. Similar functions are used for σ y . Figure 7 shows the contours of the density at t = 0, 70, 100 and 200. Since the numerical solution decays exponentially toward the edges of the PML domain, periodic boundary conditions are applied in this example. The absorption of waves inside the PML domain is observed in the contour plots. We also see that the reflection occurring at the corner is larger than that at the sides, because the corner layer is not perfectly matched, while the PML for x-and y-layers are. To assess the reflection error quantitatively, Figure 8 shows the maximum difference between the numerical solution and a reference solution obtained using a larger computational domain. The maximum difference for the density along x = ±45, y = ±45 is plotted as a function of time for given choices of PML width D and absorption coefficient power α. Clearly, the reflection error reduces as the width of the layer increases. A reflection error of less than 1% is achieved for density, pressure and velocity with a choice of α = 3 and D = 10∆x.
B. Isentropic vortex
We will test the nonlinear PML equations (40)- (42) for a solution of the form
where r = (x − U 0 t) 2 + (y − V 0 t) 2 , and for a given u r (r) and ρ r (r), the pressure p r (r) is given by
This solution to the nonlinear Euler equations advects with constant velocity (U 0 , V 0 ). For this example, we will assume a velocity distribution of the form
where U max is the maximum velocity at r = b. For isentropic flow, we enforce the relationship
which leads to the following density and pressure distributions . Maximum difference between the numerical and reference solutions as a function of time was calculated along x = ±0.9 and y = ±0.9, shown in Figure 10 .
Satisfactory results were also achieved for various cases of higher strength vortices. Taking (U 0 , V 0 ) = (0.2, 0.2), vortex strengths U max = 1.2U 0 , 1.4U 0 , 1.6U 0 , 1.8U 0 were tested with good agreement between numerical and reference solutions. Error results are shown in Figure 11 . In both cases, the background flow was taken as the uniform flow (U 0 , V 0 ).
VI. Conclusions
PML absorbing boundary conditions for the linearized and nonlinear Euler equations have been derived in the form of x-, y-, and corner layer equations for the case of mean flow in an arbitrary direction. The xand y-layer equations are perfectly matched, while the corner layer equations were shown to be stable. The proposed equations performed well in the given examples.
The capability of PML equations to absorb outgoing waves that exit the domain at an arbitrary angle is an important step in the movement toward modeling increasingly realistic aeroacoustic problems. Such Figure 8 . Maximum difference in density ρ between the numerical and reference solutions along x = ±45 and y = ±45.
capability will allow for a number of new configurations to be tested numerically. 
